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Abstract

In this paper, we present the determinantal identities of generalized Gaussian Fibonacci numbers. The generalized
Gaussian Fibonacci sequence Gf,.,(p, q; a,b) is defined by the recurrence relation Gf,., = pGf,.1 + qGf, , with
Gfo = aand Gf,; = b. This was introduced by S. Pethe and A. F. Horadam. Also, we present its determinantal identities
with classical numbers like gaussian Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, jacobsthal-Lucas, Bronze, Nickel and
Mersenne numbers.

Keywords: Gaussian Fibonacci number, Gaussian Lucas number, Gaussian Pell number, Gaussian Pell-Lucas number,
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Introduction

Determinants have played a significant part in various areas in mathematics. For instance, they are quite
useful in the analysis and solution of system of linear equations. There are different perspectives on the
study of determinants.

Complex Fibonacci numbers [1], often known as Gaussian Fibonacci numbers, were first presented
by Horadam [2] in 1963. In 1965, Jordan [3] studied two sequences of complex numbers and came up
with certain traits of regular Fibonacci sequences.

Gaussian Fibonacci numbers [3], are defined by forn > 2,
GE, = GF,_1 + GF,_, (1)
With GF, =i, GF; = 1. One can see that
GE, = E, + iF,_, (2)
Where F,is the nth Fibonacci number.

Gaussian Lucas numbers [3], are defined by for n > 2,

GL, = GLy_1 +GL,_, (3)
With GLy, =2 —1i, GL; =1+ 2i. One can see that

GL,=L,+iL,4 4)
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Where L,,is the nth Lucas number.

The Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell, Gaussian Pell-Lucas, Gaussian Jacobsthal,
Gaussian Jacobsthal-Lucas, Gaussian Bronze, Gaussian Nickel, and Gaussian Mersenne numbers are
examples of new complex number sequences that are created by combining recursively defined
numerical sequences with Gaussian type integers. In this paper, we present generalized Gaussian
Fibonacci numbers and its determinantal identities. We also establish results in terms of gaussian
Fibonacci numbers, gaussian Lucas numbers, gaussian Pell numbers, gaussian Pell-Lucas numbers,
gaussian Jacobsthal numbers, gaussian jacobsthal-Lucas numbers.

Generalized Gaussian Fibonacci Sequence

Definition 1. The generalized Gaussian Fibonacci sequence [4, 5, 6], is defined by the recurrence
relation

Gfniz = PGfni1 +qGfn (5)
with Gf, = aand Gf; = b, where a and b are initial values.
First few generalized Gaussian Fibonacci numbers are
Gf, =pb+qa
Gf; = p*b +pqa+qb
Gf, =p3b + p2qa + 2pqb + q*a

Gfs = p*b + p3qa + 3p?bq + 2p?qa + pgb

Ifa=ib=1,p=1,q =1, then Gaussian Fibonacci numbers
GE, = GE, + GF,_,
Ifa=ib=1,p=2,q =1, then Gaussian Pell numbers [7]
GP, = 2GP, + GP,_,
Ifa=i/2,b=1,p=1,q = 2, then Gaussian Jacobsthal numbers [8]
GJn = GJn + 2GJn—4
Ifa=ib=1,p=3,q =1, then Gaussian Bronze numbers [9], [10]
GB,, = 3GB,, + GB,_,
Ifa=i/3,b=1,p=1,q = 3, then Gaussian Nickel numbers [11]
GN,, = GN,_, + 3GN,,_,

Ifq = _%,b = 1,p = 3,q = —2, then Gaussian Mersenne numbers [12]
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GM,, = 3GM,, — 2GM,,_,

Ifa=2-i,b=1+2i,p=1,q =1, then Gaussian Lucas numbers [13]

GL,=GL,+GL,_4
Ifa=2-2i,b=2+2i,p=2,q =1, then Gaussian Pell-Lucas numbers [14]

GQn =260y +GQn—y

Ifa=2-i/2,b=1+2i,p =1,q = 2, then Gaussian Jacobsthal-Lucas numbers [8]

Gjn = Gjn + 2Gjn—y
Determinantal Identities

Determinants of matrices with generalized fibonaci entries are present on research [15]. In this
discussion, some results are given about the determinant of matrices related to the generalized Gaussian
Fibonacci number that has been defined previously.

Theorem 2. If G f,, is the generalized Gaussian Fibonacci numbers, then

0 qun+1PZanZ+2 CIan+1anz+3
qufnz+1Pan+2 0 Pan+sznz+3 = 2q36f1§+1p36f1§+26f1§+3
qufnz+1an+3 PZanz+szn+3 0

0 qun+1PZanZ+2 qun+1anz+3
Proof. Let A= |q®Gf41PG fus2 0 PG fri2Gfies
qufnz+1an+3 PZanZ+2an+3 0

Assume qG f,,+1 = m and pG f,,., = n, then by the definition of generalized Gaussian Fibonacci
sequence G fr43 = M + 71, NOW [1]

0 mn? m(m + n)?
A= m*n 0 n(m + n)?
mi(m+mn) n?*(m+n) 0

Taking m,n and (m + n) as common from Ry, R,, R; respectively

0 n?> (m+mn)?
A=mnm+n)|lm? 0 (m+n)?
m? n? 0

Applying R; - R, — R3,

0 n? (m+mn)?
A=mn(m+n)| 0 —n?> (m+n)?

m?  n? 0
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Expanding by R,

2 + 2
A= m3n(m + n) " 5 (m /n)z
-n* (m+mn)

A= m3n(m + n)[n?(m + n)? + n?(m + n)?|
A= m3n3(m + n)3
Put qGfhy1 = m,pGfni, = nand Gf, 43 = m + n, We get
A= 2qG L 103G v 2G s
This completes the Proof.

Corollary 3. Ifa =1i,b =1,p = 1,q = 1, then Gaussian Fibonacci humbers

0 GFn11GFY,  GFnyiGFYig
GF41GFny 0 GFny2GFR 5| = 2GF;,1GF Gy s
GF2,1GFprys GFZGFnys 0

Corollary 4. Ifa =i,b = 1,p = 2,q = 1, then Gaussian Pell numbers

0 GPny14GPY;  GPyyaGPyg
GP7112G Py, 0 2G PGP 3| = 16GP;,1GPy 5GPy 5
GP2,1GPuys  4GPZ,,GPyys 0

Corollary 5. Ifa=i/2,b = 1,p = 1,q = 2, then Gaussian Jacobsthal numbers

0 2G)n41GJr2  2GJn41Glass
4GJE 141Gy 0 GJn+2Gl2 45 | = 16G] 3 1GJ3 412Gl
4GJ241Glnss  GJ242Glnys 0

Corollary 6. Ifa =1i,b = 1,p = 3,q = 1, then Gaussian Bronze numbers

0 GBy+19GBiy;  GBni1GBrys
GBr413GBny, 0 GBn2GB} 43| = 54GB;,1GBy,2GBy 5
GBZ,1GBpys  9GBZ,2GBos 0

Corollary 7. Ifa =1i/3,b = 1,p = 1,q = 3, then Gaussian Nickel numbers

0 3GNn41GNZy, 3GNpyiGNZ 5
9GN;11G Ny 0 GNpy2GNZ 3 | = 54GN3 1 GNS ,GNG 5
IGNZ iGNy Gf2sGfnas 0
Corollary 8. Ifa = —é,b =1,p = 3,q = —2, then Gaussian Mersenne numbers
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0 ~2GMy419GMZ,, —2GMpy GMZ
4GM?2,13G My 0 3G MyyrGM2ys | = —432GM3,,GM3,,GM3, 5
4GM2,1GMyys  9GMZ45GMpys 0

Corollary 9. Ifa=2—i,b =1+ 2i,p = 1,q = 1, then Gaussian Lucas numbers

0 GLn+1GL3yy  GLni1GL7 s
GL%41GLny 0 GLyy2GLY 43 = 2GL311GL342GLS 45
GL241GLyys GL345GLyys 0

Corollary 10. Ifa =2 —2i,b = 2+ 2i,p = 2,q = 1, then Gaussian Pell-Lucas numbers

0 qun+1PZanz+z qun+1anz+3
qufnZ+1prn+2 0 prn+2anz+3 = 2q3Gf1f+1p3Gf1f+2Gf1f+3
qufnz+1an+3 PZanZ+Zan+3 0

Corollary 11. Ifa=2—-1i/2,b =1+ 2i,p = 1,q = 2, then Gaussian Jacobsthal-Lucas numbers

0 2Gjns1Gjnrz  2Gjn41Gjhes
4Gj%+1G]'n+2 0 Gjn+2G]'%+3 = 16ng+1Gj131’+szrsz+3
4Gjr41Gln+s  GifyaGlnts 0

The proof of the theorems 12 to 18, are in line with the proof of Theorem 2.

Theorems 2, 12, 13, 14, and 15 use determinant-based identities to uncover profound and diverse
structural characteristics of extended Gaussian Fibonacci numbers. They give a robust foundation for
generalizing such results to other number sequences and algebraic systems.

Theorem 12. If G f,, is the generalized Gaussian Fibonacci numbers, then

(PG friz + Gfnis}? q*Gfit q*Gfii
pZanZ+2 {qGfrs1 + an+3}2 szfnZ+2
anz+3 anz+3 {qGfrs1 + Pan+2}2

= 3qufn+1an+2an+3{qun+1 + prn+2 + an+3}3

Theorem 13. If G f;, is the generalized Gaussian Fibonacci numbers, then

qun+1 + prn+2 prn+2 + an+3 qun+1 + an+3
prn+2 + an+3 qun+1 + an+3 qun+1 + prn+2
qun+1 + an+3 qun+1 + prn+2 prn+2 + an+3
= 6pqG frni1Gfri2Gfnez — 2[{qun+1}3 + {prn+2}3 + {an+3}3]

Theorem 14. If G f,, is the generalized Gaussian Fibonacci numbers, then
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2an+3 + CIan+1 + prn+2 qun+1 prn+2
an+3 2qun+1 + prn+2 + an+3 prn+2
Gfn+s qG fri1 2pG fns2 + qGfns1 + Gfnys

= 2{qGfn41 + PG fn42 + an+3}3

Theorem 15. If G f,, is the generalized Gaussian Fibonacci numbers, then

PGfniz + Gfnys  QGfai1 +0Gfasz qGfnin
Gfniz+qGfas1  DGfniz + Gfnys DG s
qun+1 + prn+2 an+3 + qun+1 an+3
= q3an3+1 + p3Gf113+2 + Gf113+3 = 309G frn+1Gfns2Gfnss

Theorems 16, 17 and 18 arrive at the same elegant result, highlighting a deep consistency in the behavior
of determinants constructed from these sequences. This reinforces the strong algebraic structure and
recurrence symmetry inherent in generalized Gaussian Fibonacci numbers.

Theorem 16. If G f,, is the generalized Gaussian Fibonacci numbers, then

pZan2+2 + anz+3 P4G fn+1Gfrtz 4G fr+1Gfnss
PG frns1Gfnz qufnZ+1 + anz+3 PG frn12Gfnss = {quan+1an+Zan+3}2
qGfr+1 PG fri2G s qzafnzﬂ + pZanz+2

Theorem 17. If G f;, is the generalized Gaussian Fibonacci numbers, then

_qufnz+1 P9Gfns1Gfnsz QG n1Gfnys
PG frn1G frs2 _pZanZ+2 PG fn2Gfnss ={2pq6fn+16fn+26fn+3}z

4G fn+1Gfnsz PG ri2Gfnes _anz+3
Theorem 18. If G f;, is the generalized Gaussian Fibonacci numbers, then
4G fri PG fni2Gfrrs Gfivs + G fni1G s
qufnz+1 + qufn+1an+2 szfnZ+2 qun+1an+3
PqG fr+1G fnsz szfnZ+2 + PG fri2Gfnas anz+3

= {quan+1an+Zan+3}2
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Conclusion

This paper developed determinant identities of generalized Gaussian Fibonacci numbers in generalized
form. Also results derived in terms of classical Gaussian numbers like Fibonacci, Lucas, Pell, Pell-Lucas,
Bronze, Nickel, and Mersenne numbers. We have obtained recursive results in all determinantal
identities. These identities can be used to developed new identities for classical polynomials. These
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findings are also in line with previous studies on determinants of matrices using general Fibonacci-type
sequences.
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